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Recently, coordinate transformation has become  an important task in geodata handling, especially in GIS and CAD systems. The paper proposes iteration methods to compute geographic coordinates from projection coordinates using simple algorithm that can be applied to any projection and easily coded in transformation modules.

Application of iteration methods for inverse coordinate transformation
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When building and using geographical information in general, and maps in particular, there always is a requirement about transformation of cartographical information from one projection or coordinate system to another. However, the problem of calculating  geographical coordinates from projected coordinates has not been fully studied.
There are manifolds of projections used in map production. They are very varied but can be described by the general formulas:
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where f1, and f2 are single-valued continuous functions, differentiable up to the second degree; u ' and  v '  are coordinates of points on  the plane of projection , u and  v  are coordinates of points on mapped surface. They could be   geographical coordinates (,(, isometric coordinates q, ( or polar coordinates a, z...
Classical and most used projections are usually described by the relationship between geographical and projected coordinates:
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(1)

Computing projected coordinates from geographical coordinates, or forward transformation, is a regular operation in  the practice of  map compiling. In the same time, inverse transformation, or defining geographical coordinates from projected, is compelled to do basing on coordinate grids in the case of  topographical maps or  on the approximate measurement in the case of other cartographical products.
The determination of geographical coordinates from projected is very much a complicated question for some projections. The majority of authors do not offer the return formulas when publishing new projections. There are a lot of projections, for example the Robinson projection, which have been constructed by the approximation methods. Consequently, their analytical formulas are unknown. Inverse formulas of wide used projections, for example projection UTM, demand rather complex calculations, which can lead to the large cumulative error after repeated transformations. For these reasons, before epoch GIS and digital mapping, the question of transformation from projected coordinates to geographical remains without the full decision.
In practice there are several methods of inverse coordinate transformation:
- Analytical method: Determine the return relationships between geographical and projected coordinates from (1):
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(2)

Here F1, F2 and f1, f2 are the single - valued continuous functions differentiable up to the second degree. The analytical method guarantees exact results, however, as above explained, it is impossible to apply to the majority of projections. Besides, the use of various mathematical mechanisms causes difficulties in constructing of modules of coordinate calculation and transformation in GIS and CAD systems.
- Approximate method: assuming, that F1, F2 are algebraic polynoms:
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(3)
The essence of this method consists of using points with known coordinates in both systems for estimating coefficients aij, bij. This method has wide application, however, the accuracy of transformation depends not only on the degree of polynoms, but also on the quantity and distribution of initial points.
Iteration method is one of the approximate methods  widely applied in the field of geodesy and cartography. It has been used in deriving a lot of important projections, including projections Gauss - Kruger, pseudo cylindrical projections....
In the  next section, some approaches to using iteration method for defining  geographical coordinates from projected coordinates are offered.
Paying attention to the circumstance  that projections are single - valued mappings and change of projected ordinates mainly depends on the change of latitude (, at that time change of absciss is a function of d(, that is:
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(4)

Thus the nonlinear equation (1) can be led to the following form:
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where Ex, Ey are used for control of iteration  accuracy over given error Еs:
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a. Simple iteration:

The simple iteration method is used for solving nonlinear equations of type f (x) =0 that can be translated to the form x=h (x).
If h (x) satisfies condition |h ' (x) | <1, the root of the equation will have the approximate value : 
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In case of projection: 
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(5)
b. Newton iteration

Newton method of iteration , also reffered as  linearization method,  is widely used for solving nonlinear equations basing on transfoming the initial equation to the  following form:
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(6)

The solution looks like: 
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In case of projection: 
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 (7)
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where J-1 is the  inverse matrix of Jacobian matrix
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(8)


It is possible to rewrite (7) :
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 to avoid having calculate J-1 for each cycle of iteration.
Considering (4), the system (7) can be lead to a following form:
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c. Simplified linear iteration 
For simple iteration method it is necessary to translate the projection's equation   (1) to 
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. The Newton method of iteration demands calculation of private derivatives of  functions f1, f2 at (,(. For simplification it is possible to replace J-1 in (8) by some simple function or constant:
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(10)
The choice of  initial values ((0), ((0) and simplified functions Cx, Cy  will  directly affect the number of iteration cycles.  Considering (4), we  suggest the use of next initial values to the majority of projection: 
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, and Cx, Cy - private derivatives of functions f1, f2 at (,( in the Cassini projection [1]:
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Table 1 presents the results of transformation from geographical coordinates to projected in projection UTM and then back to geographical coordinates by above proposed methods of iteration. Calculations have been executed for various latitude and with various values of  iteration errors Es. Numbers n - quantities of cycles of iteration for obtaining necessary accuracy are also reported.
Tab. 1

	Method
	Error Es
	((o)
	((o)
	n
	((o)
	((o)
	n
	((o)
	((o)
	n

	
	
	(0=80
	(0=108
	
	(0=45
	(0=108
	
	(0=10
	(0=108
	

	Simple
	0.1
	80.000000026
	108.000000018
	3
	45.000000073
	108.000000084
	3
	10.000000025
	108.000000082
	3

	
	0.001
	80.000000000
	108.000000010
	4
	44.999999998
	108.000000080
	20
	9.999999999
	108.000000081
	17

	
	0.000001
	80.000000000
	108.000000010
	30
	44.999999998
	108.000000000
	32
	9.999999999
	108.000000081
	30

	Newton
	0.1
	79.999999983
	108.000000000
	5
	44.999999807
	108.000000000
	4
	10.000000019
	108.000000000
	4

	
	0.001
	80.000000000
	108.000000000
	6
	44.999999998
	108.000000000
	5
	10.000000000
	108.000000081
	5

	
	0.000001
	80.000000000
	108.000000000
	7
	45.000000000
	108.000000000
	7
	10.000000000
	108.000000000
	6

	Simlified
	0.1
	79.999999974
	108.000000000
	5
	44.999999772
	108.000000000
	4
	10.000000014
	108.000000000
	4

	
	0.001
	80.000000000
	108.000000000
	6
	44.999999997
	108.000000000
	5
	10.000000000
	108.000000081
	5

	
	0.000001
	80.000000000
	108.000000000
	7
	45.000000000
	108.000000000
	7
	10.000000000
	108.000000000
	6


For comparison purpose table 2 presents results of similar conversion (from geographical coordinates to projected  in projection UTM  and then back to geographical coordinates) by software packages AllTrans 2.32 (Germany), GeoTrans 2.2 (USA) and GeoTool 2.1(Vietnam).








Tab. 2

	Method
	(0=24o
	(0=107o

	Simple
	23.9999999989
	107.0000000817

	Newton
	24.0000000000
	107.0000000000

	Simplified
	24.0000000000
	107.0000000000

	ALLTRANS 
	24.0000000002
	106.9999999996

	GeoTrans 
	24.00000000
	107.00000286

	GeoTool 
	24.0000000028
	106.9999999972


Experimental results show, that with a small amount of iteration (n <10), the  Newton's method  and the simplified linear iteration method can guarantee necessary accuracy of calculation. Experiment for 100 000 points  by the simplified linear method on computer Pentium 3 takes 10 seconds  with Es=0.1 and 22 sec. with  Es=0.000001.
Table 3 presents the results of transformation from geographical coordinates to projected  in projection Molweid and then back to geographical coordinates. Calculation was executed by  both the Newton method and the simplified linear method with different values of iteration error Es. For comparison, results of similar calculation under the analytical formula of  projection are also presented.
Таb. 3

	Method
	Error Es
	((o)
	((o)
	n
	((o)
	((o)
	n
	((o)
	((o)
	n

	
	
	(0=75
	(0=110
	
	(0=45
	(0=110
	
	(0=5
	(0=110
	

	analytic.
	
	75.000000060
	110.000000000
	
	44.999999995
	110.000000000
	
	4.999999964
	110.000000000
	

	Newton
	0.1
	75.000000001
	110.000000000
	7
	44.999999850
	109.999999992
	4
	5.000000013
	110.000000000
	3

	
	0.001
	75.000000001
	110.000000000
	8
	45.000000000
	110.000000000
	5
	5.000000000
	110.000000000
	4

	
	0.000001
	75.000000000
	110.000000000
	9
	45.000000000
	110.000000000
	6
	5.000000000
	110.000000000
	5

	Simplified
	0.1
	74.999999994
	110.000001201
	9
	45.000000058
	110.000000001
	6
	5.000000235
	109.999999946
	8

	
	0.001
	75.000000000
	110.000000012
	10
	45.000000002
	110.000000000
	7
	5.000000003
	109.999999999
	10

	
	0.000001
	75.000000000
	110.000000000
	12
	45.000000000
	110.000000000
	9
	5.000000000
	110.000000000
	11


Conclusion: The above proposed iteration methods can be used for calculating  geographical coordinates from projected coordinates with the necessary accuracy. In particular, the simplified linear method is very convenient and effective for constructing modules of calculation and transformation digital maps and can be applied to almost all projections.
References

1. Bugaevskiy L., 1998. Mathematical Cartography. Zlatoust, Moscow, 399 p.

2. Bugaevskiy L., Snyder J. 1995. Map Projection: A Reference Manual. Taylor and Francis, London. 342 p.

3. Canters F. 2002. Small-scale Map Projection Design. Taylor and Francis, London. 309 p.

4. USA Defense Mapping Agency.1989. The Universal Grids: Universal Transverse Mercator and Universal Polar Stereographic. 49p.

5. Yang Q, Snyder J., Tobler W. 2000 . Map projection transformation. Taylor and Francis, London. 347 p.







3
1

_1174109298.unknown

_1174283696.unknown

_1174288901.unknown

_1174458257.unknown

_1177478321.unknown

_1174289822.unknown

_1174283992.unknown

_1174284560.unknown

_1174288387.unknown

_1174283902.unknown

_1174281504.unknown

_1174283059.unknown

_1174283077.unknown

_1174281172.unknown

_1174109368.unknown

_1173944342.unknown

_1174108882.unknown

_1174108904.unknown

_1174108907.unknown

_1174108900.unknown

_1173946183.unknown

_1173944284.unknown

